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An implicit nonlinear finite element model for simulating biological muscle mechanics is developed. The numerical method is
suitable for dynamic simulations of three-dimensional, nonlinear, nearly incompressible, hyperelastic materials that undergo
large deformations. These features characterise biological muscles, which consist of fibres and connective tissues. It can be
assumed that the stress distribution inside the muscles is the superposition of stresses along the fibres and the connective
tissues. The mechanical behaviour of the surrounding tissues is determined by adopting a Mooney– Rivlin constitutive model,
while the mechanical description of fibres is considered to be the sum of active and passive stresses. Due to the nonlinear nature
of the problem, evaluation of the Jacobian matrix is carried out in order to subsequently utilise the standard Newton – Raphson
iterative procedure and to carry out time integration with an implicit scheme. The proposed methodology is implemented into
our in-house, open source, finite element software, which is validated by comparing numerical results with experimental
measurements and other numerical results. Finally, the numerical procedure is utilised to simulate primitive octopus arm
manoeuvres, such as bending and reaching.
Keywords: FEM; large deformation; biological muscles; octopus

1. Introduction
Muscles are often considered to be the bio-materials that, in
contrast with other biological tissues, deform voluntarily.
For this reason, simulation of muscle behaviour has been
the subject of many research activities. However, due to
muscles’ complex mechanical nature (Fung 1993) and their
ability to undergo large deformations, numerical simulation
of such problems requires utilisation of a nonlinear
approach. Finite element discretisation is the method of
choice for the numerical solution of these problems.
Amongst the pioneering works in muscle mechanics, it
was Beskos and Jenkins (1975) who proposed a theoretical
model in order to describe the mechanical behaviour of
mammalian tendon, in which the solid was assumed to be
nonlinearly elastic or/and viscoelastic. However, among the
first works in skeletal muscles’ computational mechanics,
Kojic et al. (1998) proposed a finite element method (FEM)
for the determination of muscle response, where Hill’s threeelement model (Hill 1938) was used for the mechanical
description of fibres. They accounted for the nonlinear
force–displacement relation and change in geometrical
shape; on the other hand, their major simplification was that
the passive behaviour of the muscle is linearly elastic and
isotropic, while no incompressibility was taken into account.
Martins et al. (1998) developed a 3D finite element
platform for the simulation of skeletal muscles, in which
the constitutive relation adopted is a generalisation of the
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model proposed by Humphrey and Yin (1987), being
compatible with the passive and active behaviour of skeletal
muscles of Zajac (1989). Johansson et al. (2000) proposed a
finite element approach for simulating the behaviour of
muscles based on nonlinear continuum mechanics,
where contractile active and passive properties of skeletal
muscles were considered and incompressibility is fully
incorporated. On the other hand, Oomens et al. (2003)
proposed a finite element approach, in which physiological
reasoning and ‘cross-bridge’ kinetics via a two-state Huxley
model (Huxley 1957) was adopted for the investigation
of mechanical behaviour of a tibialis anterior of a rat.
Furthermore, Fernandez et al. (2005) presented a FEM
muscle modelling framework that relates the mechanical
response of the rectus femoris muscle to tissue level
properties, with the capability of linking to the cellular level.
Recently, Liang et al. (2006), based upon the approach of
Van Leeuwen and Kier (1997), have incorporated the
governing equations for a muscle element into a commercial
general-purpose explicit FEM programme. Their scheme is
promising because it can simulate complex dynamic
muscular behaviours but it suffers from the small time step
restriction, required by numerical stability considerations. In
the same year, Martins et al. (2006) introduced a
multiplicative split of the fibre stretch into contractile and
elastic stretches, where they considered the simultaneous
presence of the series elastic element, the dependence of the
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contractile stress on the strain rate and an activation level
function. Röhrle and Pullan (2007) also presented a 3D
dynamic Galerkin FEM framework of an anatomically
realistic model of the human masseter muscles and
associated bones.
Further developments in muscle modelling were
presented by Tang et al. (2007), in which Hill’s muscle
theory coupled with fatigue was proposed to describe the
mechanical behaviour of skeletal muscles. They compared
the proposed finite element technique with the experimental
results on a frog muscle, capturing the real-time shape
change due to fatigue. Stojanovic et al. (2007) proposed an
extension of Hill’s model of Kojic et al. (1998). They
presented a model consisting of different types of sarcomere
coupled in parallel with the connective tissues, in which
each sarcomere was modelled by one nonlinear elastic
element connected in series with one nonlinear contractile
element. Tang et al. (2009) presented a 3D finite element
model, developed to simulate the active and passive
nonlinear mechanical behaviour of muscle during lengthening or shortening. The constitutive relation of the muscle
was determined by using a strain energy approach, while the
active contraction behaviour of the muscle fibre was
modelled through Hill’s three-element muscle concept.
More recently, Lu et al. (2010) have developed a
visco-hyperelastic model for skeletal muscles, in which
the constitutive relation was based on the definition of a
Helmholtz free energy function, involving 14 material
parameters.
The literature survey demonstrates that the active
muscle behaviour has been modelled with two main
approaches: Hill-type- and Huxley-type-based models.
However, in this study without loss of generality, it is
assumed that the nominal tensile stress in muscles is derived
from the maximum isometric stress, the normalised active
level function, the velocity-dependent function, the filamentary overlap function and a passive component, similar to the
approach of Van Leeuwen (1991). This rather simple
approach is also referred to as the additive split of active and
passive stresses, which is consistent with Hill’s threeelement model muscle representation of Van Leeuwen and
Kier (1997).
This study was motivated by the OCTOPUS IP2 project
that aims to the design and development of octopus-like
robotic arms. In connection to this objective, the
development of a robust and efficient tool for the detailed
study of the 3D kinematic and dynamic modelling of the
octopus musculature is required. As it will be demonstrated
in the numerical examples’ section, this paper is a
preliminary study on the biomechanical aspects (e.g. level
and pattern of muscles activation) of the muscular
hydrostats behaviour. To accomplish this, a first attempt
to reproduce primitive octopus arm manoeuvres, such as
arm bending and reaching, is made.

2. Numerical method
Consider a continuous, homogeneous, nonlinear, elastic
medium of volume 0 V and surface 0 S in its unloaded state
which undergoes large deformations. The volume and
bounding surface of the body in its current (deformed)
stated are denoted as t V and t S, respectively.
A fundamental quantity for the description of
deformation in nonlinear continuum mechanics
(Holzapfel 2000) is the deformation gradient, which may
be expressed in terms of the current coordinates t xi of a
material point or the displacements ui through the relation:
F ij ¼ ›t xi =›0 xj ¼ dij þ ›ui ›0 xj , where dij is the Kronecker
delta. In addition, proper stress and strain measures are
needed which relate these quantities with the currently
deformed state of the solid body. Such measures are the
Cauchy stresses sij and the left Cauchy – Green deformation tensor Bij ¼ F ik F jk .
Using quantities related to the current configuration,
the equilibrium equations for a solid subject to finite
deformation are nearly identical to those for small
deformation analysis. The local equilibrium equation is
obtained as a force balance on a small differential volume of
the deformed solid

›sij
¼ t ru€ i ;
›t x j

ð1Þ

where body forces have been neglected and t r is the
material density.
Proper boundary conditions are considered for posing
the problem. Prescribed displacements are assumed on 0 SU
and corresponding prescribed tractions are assumed on
0
ST , with 0 S ¼ 0 SU < 0 ST .
In this study, muscles are assumed composite materials
that comprise connective tissues and muscle fibres. Hence,
it can be safely assumed that the stress distribution inside
the element of the muscle is the superposition of stresses in
ðfÞ
the connective tissues and the fibres, i.e. sij ¼ sðctÞ
ij þ sij ,
where the superscripts ‘ct’ and ‘f’ denote the connective
tissue and fibrous part, respectively.

2.1

Connective tissues description

In most cases, biological tissues are best described through
a hyperelastic Mooney –Rivlin (Mooney 1940) constitutive relation, in which the calculation of the Cauchy stress
tensor can be obtained by differentiation of a stored energy
function WðI 1 ; I 2 ; JÞ with respect to deformation, where
I 1 ¼ trðBij Þ, I 2 ¼ ½I 21 2 Bkl Blk =2 and J ¼ det ðF ij Þ.
However, rubber-like materials and biological tissues
exhibit nearly or fully incompressible behaviour; thus, the
J < 1 constraint must be satisfied. Towards this end, the
following modified invariants are introduced: I1 ¼ I 1 J 22=3
and I2 ¼ I 2 J 24=3 , based on the modified deformation
gradient tensor F ij ¼ F ij J 21=3 (Zienkiewicz and Taylor
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2005). Hence, the Cauchy stress tensor, in terms of I1 , I2
and J, can be obtained by the following relation:





2 ›W
›W
2 ›W
ðctÞ

sij ¼ 5=3  þ I1  Bij 2 7=3  Bim Bmj
›I1
›I2
J
J ›I 2
ð2Þ





2  ›W
›
›
W
W
I1  þ 2I2  dij þ
2
dij :
3J
›I 1
›I 2
›J
By substituting the modified generalised Mooney–
 ¼ c1 ðI1 2 3Þ þ
Rivlin constitutive material relation: W
c2 ðI2 2 3Þ þ K=2ðJ 2 1Þ2 into Equation (2), the analytic
expression of the Cauchy stress tensor for the connective
tissues is obtained:
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sijðctÞ ¼ 2ðc1 þ c2 I1 ÞJ 25=3 Bij 2 2c2 J 27=3 Bim Bmj
 

2
2
jðc1 I1 þ 2c2 I2 Þ þ Kð1 2 JÞ dij ;
3J

ð3Þ

where c1 and c2 are the material constants and K the
bulk modulus, which for the present analysis assumes
high values so that incompressibility is enforced via this
penalty-like term.
2.2

Muscle fibres material description

The main structural components of the muscular system
that plays on active role are the muscle fibres. Due to
their contractive properties, the muscle contracts and
causes muscle deformation. A muscle fibre comprises
parallel bundles of myofibrils, which in turn are divided
longitudinally by Z-discs into sarcomeres. However, a
more detailed description of the muscular structure can be
found in the work of Nigg and Herzog (1999).
Consider a uniquely defined direction vector at every
material point of the muscle along the fibre, denoted with n^ i
^ i at the reference (undeformed) and current
and m
(deformed) configuration, respectively. The updated fibre
^ i ¼ ðF ij n^ j Þ=l, where l ¼
orientation
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃis obtained by m
n^ i F ki F kj n^ j is the fibre stretch ratio. The nominal strain is
defined by the change in length divided by the reference
length of the fibre and is given by 1m
0 ¼ l 2 1. Therefore,
the corresponding volume preserving fibre strain tensor can
m
^ im
^ j 2 dij Þ=2,
be written as (Liang et al. 2006): 1ðfÞ
ij ¼ 10 ð3m
whereas the corresponding Cauchy stress tensor has the
form

sðfÞ
ij

m

^ im
^ j;
¼s m

ð4Þ

where the nominal axial stress sm
0 is defined in terms of the
m
Cauchy true fibre stress: s m ¼ sm
0 ð10 þ 1Þ.
According to Van Leeuwen (1991), the fibre nominal
axial stress in muscles is defined as the accumulation of
passive s ðpassÞ and active axial stress. The latter part is
considered to be the product of the maximum isometric stress
a ðmaxÞ at fibre optimum length, a normalised active state
function f ðaÞ ðtÞ that describes the activation pattern, a force–
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length f ðlÞ and a force–velocity function f ðvÞ that relate the
m
active muscle stress with 1m
0 and 1_0 , respectively. The above
assumptions are based upon the sliding filament theory of
Huxley (1957). Thus, the nominal axial stress in a muscle
fibre can be expressed as below

sm0 ¼ s ðpassÞ þ s ðmaxÞ f ðaÞ f ðlÞ f ðvÞ :

ð5Þ

2.3 Finite element discretisation
The balance Equation (1) can be replaced by an
equivalent principle of virtual work, which has to be in a
form appropriate for finite deformations. The variational
theorem for finite elasticity in the current configuration
(Zienkiewicz and Taylor 2005) reads
ð
ð
ð

dP ¼ dDij sij dV 2
dvi ti dS þ dvi t ru€ i dV ¼ 0; ð6Þ
tV

tS

T

tV

where t r is the current material density, ti is the prescribed
tractions on 0 ST , dvi is an admissible velocity variation that
satisfies the condition: dvi ¼ 0 on 0 SU and the virtual stretch
rate: dDij ¼ ½ð›ðdvi ÞÞ=ð›t xj Þ þ ð›ðdvj ÞÞ=ð›t xi Þ=2. It can be
seen from Equation (6) that the integrals are evaluated with
respect to the current configuration. Therefore, proper
transformations should be applied in order to convert the
integrals into the undeformed configuration, since the initial
shape of the solid is known. Such transformations are as

r ¼ J t r, dt xi ¼ F ij d0 xj , dt S ¼ J g d0 S and
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
^ j.
dt V ¼ Jdt V, where J g ¼ J n^ i B21
ij n
Due to the material and geometrical nonlinearities
arising from this problem, a proper procedure is needed to
facilitate further numerical implementation via the
standard Newton –Raphson method. Linearising Equation
(6) with respect to the unknown displacement field, and
assuming a proper finite element discretisation, the final
semi-discrete matrix form of the balance equations is
obtained
follows:

0

M ða;bÞ tþDt u€ ðbÞ þ K ða;bÞ Du ðbÞ ¼ R ðaÞ 2 F ðaÞ ;

ð7Þ

where
Kðija;bÞ

¼

ð 

 ða Þ
›sin
› N › N ðb Þ
F lm þ sin djl
JdV
›F jm
›t x n ›t x l

0V

þ

ð

sik
0

ðV

›N ðaÞ ›N ðbÞ
JdV;
›t x j ›t x k

dij N ðaÞ N ðbÞ dV;
Mðija;bÞ ¼ 0 r
0V
ð
ð
ða Þ
ðaÞ
ða Þ 
Ri ¼
N ti J g dS; F i ¼
0S

T

sij
0V

› N ða Þ
JdV:
›t x j

In the above Jacobian matrix K, it is assumed that no
follower external forces are present, where the first integral
corresponds to the material tangent stiffness and the
second integral is called the geometric stiffness. M
accounts for the consistent mass matrix, whereas R and F
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are the external and internal force vectors, respectively.
Further details on the linearisation steps required as well as
the calculation of the tangent stiffness tensor components
are provided in Appendix A.
Using the trapezoidal rule of time integration (Bathe
2007), the following assumptions are made for the velocity
and displacement vector field at time t þ Dt, respectively,
tþDt

u_ ¼ t u_ þ

Dt t
ð u€ þ
2

tþDt

€
uÞ;

ð8Þ

tþDt

u ¼ tu þ

Dt t
ð u_ þ
2

tþDt

_
uÞ;

ð9Þ

while within each Newton– Raphson iteration step the
displacement vector is updated according to the relation:
tþDt ðkÞ
u ¼ tþDt u ðk21Þ þ Du, where k is the iteration index.
It is also assumed that the time increment Dt is constant
and that at the first iteration of a time step: tþDt u ð0Þ ¼ t u.
By substituting the previous relations into Equation (7),
then the following equation is obtained



4
ða;bÞ
ða;bÞ
Du ðbÞ ¼ R ðaÞ 2 F ðaÞ
M
þK
Dt 2


4
Dt 2 t ðgÞ tþDt ðg;k21Þ
u€ 2
:
þ 2 M ða;gÞ  t u ðgÞ þ Dt t u_ ðgÞ þ
u
4
Dt
ð10Þ

Hence, by numerically solving Equation (10) for
each Newton– Raphson iteration step and for each time
step until convergence is achieved, the transient analysis
ends up to the desired time of dynamic observation of the
nonlinear system.
The numerical implementation of the present finite
element procedure for the simulation of the dynamic
mechanical behaviour of 3D muscles was carried out
through our open-source, scalable, Cþ þ program.
The project used in this study utilises available open source
numerical libraries, such as PETSc3 (Balay et al. 2008),
ParMETIS4 (Karypis and Schloegel 2011) and libMesh5
(Kirk et al. 2006).

3. Results
Dynamic simulations of the squid arm extension and
frog gastrocnemius muscle contraction are carried out first
in order to validate the proposed methodology and the
modelling assumptions are adopted. Validation is performed
by comparing the computed numerical results with
experimental measurements and other numerical results
that are available in the literature. Next, various simulations
of the octopus arm muscular hydrostat are presented, in
which different muscle groups activation and various
activation patterns are performed in order to enhance our
understanding of the underlying muscle mechanics in the
octopus arm manoeuvre ability.

3.1 Dynamic squid arm extension
The first numerical example involves the dynamic
extension of a squid arm during the strike to catch prey.
The squid arm consists of an active stalk and a passive
club, as depicted in Figure 1(b), having 93 mm total length.
For simplicity, the squid arm is modelled as a cylindrical
body. The stalk composes of 15% longitudinal muscles
having fibre orientation along the z-axis (represented by an
outer 0.3 mm thickness layer), and an inner cylindrical
core of transverse muscles of 3.4 mm radius (see Figure
1(a)). The club is considered in the present analysis to have
the same muscular structure as in the stalk but it is taken to
behave passively. Detailed description of the squid
musculature is given by Van Leeuwen and Kier (1997).
The material properties of the muscle fibres and
connective tissues are identical to those used by previous
investigators (Johansson et al. 2000; Liang et al. 2006),
while the applied activation signal for the current
simulation is the following time step function
8

< 1 ð1 þ sin ððptÞ=ta 2 p=2ÞÞ 15 ; t # ta ;
2
ðaÞ
f ¼
: 1;
t . ta ;
where the signal peak-value time is set as ta ¼ 40 ms.
In the present analysis, the dynamic simulation time was
set as td ¼ 0:07 s and the time step for implicit time
integration scheme was set as Dt ¼ 0:25 £ 1026 s. However,

Figure 1. (a) Finite element discretisation of the quarter cross section of squid arm, with (b) initial (undeformed) configuration and
(c) final (deformed) shape of the squid arm during the strike to catch prey simulation.
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for comparison purposes, the same simulation was carried
out via an explicit time integration scheme (refer to Section
9.5.1 in Bathe 2007), where the time step was limited to
Dt ¼ 0:005 £ 1026 s due to numerical stability constraints.
Note that even though explicit time stepping does not require
any iterative procedures, the total CPU time for the explicit
time-marching simulations is larger especially for cases in
which it is necessary to use very small elements for accurate
representation of geometrical details.
Due to symmetry, only one quadrant of the cylindrical
arm is modelled and appropriate boundary conditions are
applied to the symmetry planes; the surface on the root of
the arm is restricted to move axially, whereas the rest of
the boundary is traction free. Discretisation is accomplished
with the aid of the open source mesh generator Gmsh
(Geuzaine and Remacle 2009). The mesh consists of 371
eight-node hexahedral and 106 six-node triangular-base
prismatic elements (see Figure 1).
As the activation signal f ðaÞ increases, transverse
muscles contract resulting in the axial arm deformation.
In order to maintain constant volume, the radius of the arm
decreases whereas the length of the arm increases. After
50 ms of full activation, the passive tensile forces of the
longitudinal muscles are greater than the contractile active
forces of the transverse muscles. Thus, it leads to extension
deceleration and finally to manoeuvre termination. The final
deformed squid arm is depicted in Figure 1(c).
Figure 2(a) shows the squid arm length growth in time.
The finite element numerical results, obtained by the current
methodology (black solid line), are compared with the
experimental data (red empty diamonds) of the squid arm
extension and the corresponding 1D model simulations
(blue solid line) obtained by Van Leeuwen and Kier (1997).
In view of Figure 2, it is observed that the FEM numerical
results agree very well both qualitatively and quantitatively
with those of Van Leeuwen and Kier (1997). However, in
Figure 2(b) it can be noted that a relatively lower arm tip
velocity is evaluated through the proposed analysis. It is
interesting to note that similar behaviour was observed by
other FEM approaches (Johansson et al. 2000; Liang et al.
2006; Tang et al. 2009). Furthermore, the dynamic
extension of the squid arm was solved by utilising an
explicit finite element solver. As it is depicted in Figure 2,
both explicit and implicit approaches provide relatively
identical estimations of the squid arm axial length and arm
tip velocity, but the implicit solver advances in time with a
step 50 times larger. As a result, the CPU time for the finite
element simulations in Figure 2 (until final simulation time
td ¼ 0:07 s) was approximately 34 h for the implicit solver,
and approximately 59 h for the explicit solver.
In order to examine for the numerical scheme hrefinement convergence, the dynamic squid arm extension
problem was solved for another two finer finite element
discretisations. The obtained numerical results (not
presented herein) agree very well with the results given in
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Figure 2 computed on a coarser mesh. Furthermore, the
dynamic squid arm extension was simulated for various
values of the time step Dt, where it was verified that the
numerical results converge. However, when the time step
increases significantly then hour-glassing deformations are
observed, which are due to the reduced integration scheme
incorporated in order to avoid elements’ volumetric locking.
3.2

Frog gastrocnemius muscle

In this subsection, the deformation of the frog gastrocnemius
muscle, which is subject to activation and under a constant
tensile load along the muscle fibre direction, is simulated.
The assumed muscle geometry is provided in Tang et al.
(2007), while the material parameters are adopted from their
successive work (Tang et al. 2009). In these studies, a Hill
three-element model is utilised in order to describe the
mechanical behaviour of skeletal muscles. To this end,
analytical evaluation of the Cauchy stress tensor and tangent
stiffness tensor in the fibre and connective tissue level is
carried out, and it is presented in Appendix B. The activation
load is identical to that of Tang et al. (2009), and similar
boundary conditions are considered. However, in the present
simulation, muscles, fatigue is not taken into account. The
finite element discretisation of the frog gastrocnemius
muscle – comprising 480 eight-node hexahedral elements –
is depicted in Figure 3(a). The fibre orientation is defined by
the local axial direction of each finite element, which
follows the fusiform geometry of the muscle. In Figure 3(b),
the final deformed body of the muscle is also presented.
In Figure 4, comparison of the deformed shape outline of
the frog muscle at maximum activation level on the x–z and
y–z planes is shown. In this figure, the experimental results
obtained by Tang et al. (2007) and their numerical results
at the first activation circle with the numerical results of
the present finite element procedure are compared.
The numerical results in both finite element approaches are
in relatively good agreement with the experimental
measurements.
3.3

Octopus muscular hydrostat dynamic simulations

Assume a conical geometry of the octopus arm extending
along the z-axis, being 10 cm long and having 1 cm root
diameter. The arrangement of muscles in the octopus
muscular hydrostat is very different compared to that of
the squid arm (Kier and Stella 2007), and is depicted in
Figure 5(a). The arm musculature consists mainly of
longitudinal muscles (denoted with ‘L’ in Figure 5(a)) that
extend along the arm axial direction and transverse muscles
(denoted with ‘T’) that connect the external connective
tissues with the longitudinal muscles and the axial nerve
cord (denoted with ‘N’). In addition, oblique muscles are
present (denoted with ‘O’), which are helically aligned
fibres around the arm, thus enabling arm torsion. For the

V. Vavourakis et al.
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Figure 2.

Comparison of experimental and simulation results of the squid: (a) arm length and (b) arm-tip velocity profile.

Figure 3.

(a) Finite element discretisation of the undeformed frog muscle and (b) final deformed geometry.

923

Downloaded by [FORTH] at 05:27 28 July 2015

Computer Methods in Biomechanics and Biomedical Engineering

Figure 4. Deformed shape outline of the frog gastrocnemius muscle and comparison of the experimental and simulation results on the
(a) x– z and (b) y – z planes.

present analyses, oblique muscles are omitted because
their contribution to bending motion of the octopus arm is
expected to be minor (Yekutieli et al. 2005; Liang et al.
2006).
The lack of experimental data on the octopus muscular
hydrostat material properties restricts us to utilise the
corresponding data of the squid, which are provided in the
paper of Van Leeuwen and Kier (1997). This assumption is
based on the fact that both molluscs are of the same class
(Cephalopoda), despite their arm of different muscular
structures.

The finite element mesh of the octopus arm consists of
420 eight-node hexahedral and 420 six-node triangular-base
prismatic elements, as seen in Figure 5(b). On the top left of
Figure 5(b), the two main muscular kinds of longitudinal and
transverse muscles – shaded with different colours – that are
considered in the octopus arm are depicted. Hence,
following Figure 5(a), the longitudinal muscles are taken
as four distinctive groups (green-colour subregions), thus
enabling them for separate activation, whereas the transverse
muscles are located in the core of the idealised conical
octopus arm (yellow-colour subregions). Clearly, the very
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Figure 5. (a) Diagram of the octopus arm showing the arrangement of muscle fibres and connective tissues. (b) Finite element
discretisation of the octopus arm and close-up view of the arm root seen on the top left.

small elements at the tip of the arm, required for accurate
representation of the geometry, are expected to impose very
severe stability limitations to explicit time integration
schemes. Therefore, all simulations for the octopus arm were
carried out by using the implicit time-marching scheme.
The wet area of the arm is considered traction free,
whereas the root of the arm is allowed to move on the x –y
plane and is fixed at two points in order to avoid rigid body
motion. The octopus arm simulations were carried out by
assuming the following activation time function:
8
0;
t # ti ;
>
>
>


>
3:5
>
< 12 ð1 þ sin ððpt=ta Þ 2 p=2ÞÞ ; t # ti þ ta ;
f ðaÞ ¼
>
1;
t # ti þ td ;
>
>
>
>
: e2Sðt2ti 2td Þ ;
t . ti þ td ;
where the activation signal peak-value time is set as
ta ¼ 0:5 s, while ti and td are the initialisation and duration
time of the activation function, respectively, and S ¼ 20.

hydrodynamic forces exerted by the surrounding water
(Yekutieli et al. 2005; Kazakidi et al. 2012), which could
influence the dynamic octopus arm bending manoeuvre.
However, hydrodynamic forces can be easily incorporated
into the present formulation.
In Figure 7, various snapshots of the octopus arm
bending procedure are presented, where non-uniform
activation of one longitudinal muscle group takes place.
As expected, the arm deforms rather slowly and requires
more time to bend than in the uniform activation case. This
is explained by the fact that until 0:25 s simulation time
only the first quarter of the longitudinal subregion is fully
activated (from z ¼ 0 up to 0:025 m), whereas until 0:5 s
only the first half of the longitudinal subregion is fully
activated and so on. We also carried out simulations for
non-uniform activation of one longitudinal subregion with
initialisation time 5z and 2z (not presented herein) but the
arm deformation is very slow and the final bend is not
achieved within 1 s of simulation time.
3.3.2

3.3.1

One longitudinal muscle activation

In order for the octopus arm to perform a bending
manoeuvre, longitudinal muscles have to be activated
primarily (Liang et al. 2006), while transverse muscles
behave passively. To this end, it is assumed that one group
(subregion) of longitudinal muscles is activated uniformly
(ti ¼ 0) or non-uniformly (ti ¼ z), where z is the normalised
axial position of a material point within the undeformed arm
muscular hydrostat. Non-uniform activation occurs due to
the variable ti in respect with the axial position of a muscle
fibre material point. The total time duration of the activation
level is set as td ¼ 1 s in both cases.
Successive snapshots of the arm deformation are
presented in Figure 6, in which the transparent grey area
corresponds to the undeformed octopus arm. As seen in this
figure, the octopus arm performs the bending manoeuvre
within 0:5 s of full activation level and then it oscillates
slightly to this equilibrium position until simulation
termination. It is important to note here that no external
forces are considered in the present analysis, such as

Two longitudinal muscles activation

Next, an octopus arm off-plane bending is simulated. Since
circumferential muscles were not taken into account in this
study, one way to achieve torsion to the arm is to enforce the
stimulation of two neighbouring longitudinal muscular
groups by applying a proper time lag. More precisely, the
first muscular group is activated non-uniformly (ti ¼ z)
with activation signal peak-value time ta ¼ 0:5 s, as in
Section 3.3.1, whereas the second muscular group is
activated non-uniformly (ti ¼ z ) but only a small portion
along the z-axis of the arm (from the root z ¼ 0 up to
z ¼ 3 cm) is active.
In Figure 8, various representative snapshots of the
octopus arm deformation during the off-plane bending are
presented in successive order until manoeuvre termination.
From Figure 8(a)–(j), it is evident that the arm follows a
deformation path identical to the non-uniform activation of
one longitudinal muscle simulation case. However, after full
activation of the neighbouring muscle at 1 s, the arm seems
to exhibit some twisting effects (see Figure 8(l)–(x)), which
are more pronounced at t ¼ 1:125 (see Figure 8(r)).
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Figure 6.

Various snapshots of the octopus arm deformation for uniform activation of one longitudinal muscle group.

Figure 7.

Various snapshots of the octopus arm deformation for non-uniform activation of one longitudinal muscle group.
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Figure 8.

Various snapshots of the octopus arm deformation during an off-plane bending manoeuvre.

Due to the fact that no damping mechanisms were
considered into the finite element model, the octopus arm
is observed to exhibit oscillations at the late stage of the
manoeuvre termination, e.g. within t ¼ 1:4 2 1:9 s. It is
important to note here that if circumferential muscles were
considered in the FEM simulations, it would be expected
for the arm to achieve significant torsion, in which the
contraction of these helically aligned muscles would also
result into arm elongation.

3.3.3 All longitudinal muscles’ activation
In this paragraph, it is aimed for the numerical simulation
of two primitive octopus arm manoeuvres, i.e. bending and
reaching in consecutive fashion. In order to achieve this,
the longitudinal muscles are activated separately in pairs
of two. Firstly, a uniform activation (ti ¼ 0) of two
neighbouring longitudinal muscular groups is enforced,
having activation signal peak-value time ta ¼ 0:5 s and
duration time td ¼ 2 s (see red solid line in Figure 9),
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Activation signals occurring for the two pairs of longitudinal muscles.

in which only a portion of the arm is stimulated (from
z ¼ 2 cm up to the tip z ¼ 10 cm). Next, the rest of the two
neighbouring longitudinal muscular groups are activated
non-uniformly (ti ¼ z) having activation signal peak-value
time at ta ¼ 1:5 s and duration time td ¼ 2:5 s (see blue
solid line in Figure 9).
In Figure 10, various representative snapshots of the
octopus arm deformation during the bending and reaching
manoeuvre are presented in successive order. As seen in
Figure 10(a)–(d), the first two longitudinal muscle groups
are activated, thus resulting into the arm bending depicted in
these figures. However, the bent shape of the arm is less
pronounced in this case (see Figure 10(c)), as compared with
the simulation example of Section 3.3.1 (see Figure 6(l)),
because 80% of the arm longitudinal muscles are active.
In addition, due to the lack of damping in the mechanical
nonlinear system, the arm exhibits some oscillation from
0:7 s up to 1 s. Furthermore, the contraction of the rest of
the longitudinal muscles results in the oscillation decrease
and further to arm bending on the opposite direction, since
the latter group of muscles is activated all along the arm.
This is also evident from Figure 10(e)–(q), in which a rather
slow bend occurs since non-uniform activation is applied to
the other two longitudinal muscles. In conjunction with
Figures 9 and 10(n)–(q), it can be seen that the activation
of the second pair of longitudinal muscles and the full
deactivation of the first pair of longitudinal muscles
provide a similar hook-like arm deformation (compare
Figure 10(c),(p)). Finally, that the gradual recovery of the
octopus arm to its undeformed shape can be observed in
Figure 10(q)–(x), which is due to the deactivation of the
second group of longitudinal muscles. It is important to note
that the reader should not get confused with Figure 9, where
td ¼ 2:5 s since the deactivation of the second pair of
longitudinal muscles is non-uniform; thus, the true time
duration of the activation signal before decay is
ti þ td ¼ z þ 2:5 s.

4. Conclusions
In this study, a nonlinear dynamic finite element procedure
for simulating biological muscle mechanics is presented.
The proposed numerical method is capable of simulating the
dynamic mechanical behaviour of 3D, nonlinear, nearly
incompressible, hyperelastic materials – such as muscular
hydrostats – that undergo large deformations. The muscle is
considered as a homogeneous continuous medium, consisting of connective tissues and fibres. The former part is
described through a Mooney–Rivlin constitutive model,
whereas the latter part is considered to be the sum of active
and passive stresses. The nonlinear equations of dynamic
equilibrium are solved via the Newton–Raphson iterative
procedure, and time integration is performed through an
implicit scheme. The validity of the proposed methodology
is demonstrated with two representative numerical
examples, whereas the efficiency and ability of the FEM to
simulate octopus arm manoeuvres are demonstrated through
a series of numerical simulations. The proposed methodology can successfully simulate primitive arm motions of
muscular hydrostats more accurately and efficiently,
compared to previous approaches (Yekutieli et al. 2005;
Liang et al. 2006).
In future developments, oblique muscles of the octopus
arm could be accounted for, and introduction of external
hydrodynamic forces during the arm movement could allow
to produce more realistic simulations. In addition, utilisation
of higher order elements and p-adaptive procedures could
help to increase the accuracy of simulated transient motions,
in order to overcome any hour-glassing deformation
deficiencies. Research work is underway which would
simulate more realistic octopus arm motions, such as the
reaching manoeuvre evoked by a bend-like propagation
activation pattern, as in Yekutieli et al. (2005). These
activation patterns could be identified by imposing the
desired shape deformation time history, thus evaluating the
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Figure 10.

Various snapshots of the octopus arm deformation during the bending and reaching manoeuvre.

required loadings that subsequently would yield the desired
activation function.

3.
4.
5.

http://www.mcs.anl.gov/petsc/petsc-as/.
http://glaros.dtc.umn.edu/gkhome/metis/parmetis/overview.
http://libmesh.sourceforge.net/.
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Appendix A. Finite element linearisation steps
The stress equilibrium equation can be replaced by the equivalent
principle of virtual work that accounts for finite deformations,
and it can be given in terms of the Kirchhoff stress measure tij .
The virtual work equation can be expressed into the reference
configuration (Bower 2009) as
ð
ð
dP ¼
dLij tij dV 2
dvi ti J g dS ¼ 0;
ðA1Þ
0V
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In order to solve the above discrete nonlinear virtual work
equation using the Newton– Raphson procedure, a corrected
updated solution uði aÞ þ DuiðaÞ is assumed, where uiðaÞ is the
solution at the end of the preceding time increment or the previous
iteration solution. Given the fact that no follower external forces
are present in the current analysis, Equation (A2) becomes
ð
ð
›N ðaÞ
21
½F
þ
DF
s
JdV
¼
N ðaÞ ti J g dS;
ðA3Þ
ij
kj
0
0 V › xk
0S
T
where the above Cauchy stress tensor sij and deformation
gradient determinant J are also dependent on that increment.
Linearising the left-hand side integral of Equation (A3) by
using a consistent Newton– Raphson iteration procedure, and
following the linearisation steps presented in the book of
Bower (2009) (refer to Subsection 8.4.4), the following equation
can be obtained
ð 


›N ðaÞ 21 ›N ðbÞ 21
›N ðaÞ 21 ›N ðbÞ 21
JdV DukðbÞ
F
F
2
s
F
F
ij 0
0V
›0 xr rj ›0 xs sl
› xm mk ›0 xn nj
ð
ð
›N ðaÞ
¼
N ðaÞ ti J g dS 2
sij 0 F 21
JdV;
0S
0V
› xp pj
T
ðA4Þ
C ijkl

where

›sij
¼
F ls þ sij dkl ;
›F ks

ðA5Þ

the tangent stiffness fourth-order tensor.

Appendix B. Tangent stiffness matrix and stress tensor
evaluation
As discussed in Section 2, the Cauchy stress distribution at a
material point within the biological muscle is considered as the
superposition of stresses at the connective tissues and muscle
ðfÞ
fibres, respectively, as sij ¼ sðctÞ
ij þ sij . Therefore, it can be
safely assumed that the tangent stiffness matrix of the material in
the finite element level is equal to the sum of the corresponding
matrices of the connective tissues and fibres

›sij
ðctÞ
F ls þ sij dkl ¼ Cijkl
þ C ðfÞ
ðB1Þ
ijkl :
›F ks
The fourth-order material tangent stiffness tensor of
Equation (B1) for the connective tissues can be evaluated
Cijkl ¼

ðctÞ
Cijkl
¼ ½4=9Jðc1 I1 þ 4c2 I2 Þ þ Kð2J 2 1Þdij dkl

2 4=3ðc1 þ 2c2 I1 J 25=3 ðBij dkl þ dij Bkl Þ
þ 8=3c2 J 27=3 B2ij dkl þ dij B2kl
þ 2ðc1 þ c2 I1 ÞJ 25=3 ðdik Bjl þ Bil djk Þ

0S
T

where for simplicity the inertia term is removed.
Inserting proper finite element interpolation polynomials into
Equation(A1), where unknown kernel quantities arePinterpolated
via Lagrange
polynomial bases: 0 xi ¼ a N ðaÞ 0 xiðaÞ ,
P
t
ð aÞ
›ui =› xj ¼ a ½›N =›t xj uiðaÞ , and given that the virtual
velocity gradient matrix can be written in the form:
dLij ¼ ð›ðdvi ÞÞ=ð›t xj Þ ¼ ½ð›ðdvi Þ=›0 xt ÞF 21
kj , it follows that
ð
ð
ð aÞ
›N
dviðaÞ
F 21
N ðaÞ ti J g dS ¼ 0: ðA2Þ
kj sij JdV 2
0
0 V › xk
0S
T

Cijkl

analytically, providing the corresponding expression of the
Cauchy stress tensor (see Equation 3), which is given below

ðB2Þ

2 2c2 J 27=3 dik B2jl þ B2il djk
þ 2c2 J 27=3 ð2Bij Bkl 2 Bil Bjk 2 Bik Bjl Þ;
where B2ij ¼ Bik Bkj .
For the fibre part, the Cauchy stress tensor is defined as
m
m ^ ^
sðfÞ
i mj . Given the fibre stress expressions (see
ij ¼ s0 ð1 þ 10 Þm
Equations (4) and (5)), the analytical expression for the muscle
fibres material tangent stiffness tensor can be derived as


›s m
m
^ im
^ jm
^ km
^l
CðfÞ
m
¼
l
2
2
s
ijkl
›1m0
ðB3Þ
^ im
^ i djk m
^ j dkl þ dij m
^ km
^ l þ dik m
^ jm
^l þm
^ l Þ;
þ s m ðm
m
where s m ¼ sm
0 ð1 þ 10 Þ. The derivative of the fibre nominal
stress with respect to the nominal strain 1m
0 is given explicitly
 ðlÞ

m
ðpassÞ
›s0
›s
›f
›f ðvÞ 1
: ðB4Þ
¼
þ s ðmaxÞ f ðaÞ
f ðvÞ þ f ðlÞ m
m
m
m
›10
›10
›10
›1_0 Dt

In the previous equation, it is assumed that the nominal strain
m
rate is approximately equal to 1_m
0 < D10 =Dt; therefore, the quantity
›f ðvÞ =›1m0 by chain differentiation is set as ð›f ðvÞ =›1_m0 Þ=Dt.
Based on the above calculations, the following differentiation identities are utilised:

›l
1
^ k n^ m ;
¼ ðF kr n^ r Þ^nm ¼ m
›F km l

ðB5Þ

^i
›m
1
1
›l
1
^ im
^ k n^ m Þ: ðB6Þ
¼ dik n^ m 2 2 ðF is n^ s Þ
¼ ðdik n^ m 2 m
›F km l
l
›F km l
By working in the same manner, one can derive the material
tangent stiffness for the classical three-element Hill muscle
model. Following the same notation as in Tang et al. (2007), the
Cauchy stress in the fibre level is defined by the relationship
1 
^ im
^ j 2 1=3dij Þ;
sðfÞ
ðB7Þ
ij ¼ glðm
J
where l ¼ lJ 21=3 and gðlÞ ¼ s0 f PEE þ beaðls 21Þ 2 b; with s0
being the maximum isometric stress, a and b are material
parameters, ls is the stretch of the Hill series elastic element and
f PEE is a pre-defined function with respect to l for the Hill
parallel elastic element component (Tang et al. 2009).
The corresponding fourth-order material tangent stiffness
tensor for the muscle fibres of the Hill model can be evaluated
analytically:
0 
0 


^ im
^ j dkl þ dij m
^ km
^ lÞ
CðfÞ
ijkl ¼ l=9ðg l þ gÞdij dkl 2 l=3ðg l þ gÞðm
0 


^ im
^ i djk m
^ jm
^ km
^ l þ glðdik m
^ jm
^l þm
^ l Þ;
þ lðg l 2 gÞm

ðB8Þ
0

aðls 21Þ

and k is a
where g ¼ s0 ð›f PEE =›lÞ þ ððk þ 1Þ=kÞabe
parameter relating the fibre stretch l with the corresponding
stretches of the series elastic and the contractile element.
For the frog gastrocnemius muscle deformation problem
(Subsection 3.2), the following Cauchy stress distribution
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the expression:

definition for the muscle connective tissues is adopted




bðI1 23Þ 25=3
sðctÞ
J
Bij 2 ½ð2=ð3JÞÞbcebðI1 23Þ I1
ij ¼ 2bce

þ 2Kð1 2 JÞdij ;

ðB9Þ

where b, c and K are the material parameters, according to the
work of Tang et al. (2007).
For this case, the material tangent stiffness tensor of
Equation (B1) for the connective tissues is given analytically by
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bðI1 23Þ 

CðctÞ
I1 þ 2Kð2J 2 1Þdij dkl
ijkl ¼ ½4=ð9JÞðbI1 þ 1Þbce




þ 4b 2 cebðI1 23Þ J 27=3 Bij Bkl þ 2bcebðI1 23Þ J 25=3 ðdik Bjl þ Bil djk Þ


2 4=3ðbI1 þ 1ÞbcebðI1 23Þ J 25=3 ðBij dkl þ dij Bkl Þ:
ðB10Þ

